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ON A SPECIAL (.'LASS OF ABELIAN GROUPS. 
Bv G. A. Miller. 

1. Let «i, s. 2 , . . . ., K (h represent the <£(</)* natural numbers Avhich are 
less than g and prime to it. These g l numbers constitute a group (G t ) with 
respect to multiplication if the smallest positive residues mod g are taken in 
place of the products ; for, from the relation s,« h = qg + r, < r < y, it fol- 
lows that, if g and r had a common divisor, a prime factor of this divisor 
would have to divide either s { or s h , and thus these numbers would not both 
be prime to g. The other necessary conditions for a group are evidently sat- 
isfied. Such groups have recently received considerable attention, and, in the 
second edition of his Algebra, Wcberf has called them the most important ex- 
ample of abelian groups of finite order. The main objects of this paper an* 
to show that all these groups are groups of isomorphisms of the cyclical groups 
and to study some of their special properties. 

2. By the group of Isomorphisms of a given group G' whose elements 
(operators) are t u t 2 , . . . . , t g . is meant the following group. Let G' be sim- 
ply isomorphic with itself, the element t ( corresponding to £ M(f) , and form the 
substitution 



_ ( h h • • ■ ■ hg') \ 



Then the totality of such substitutions constitutes a group :{ and this is the group 
in question. The following considerations lead to the group of isomorphisms 
of a group generated by a single element 8. Let T be any element that sat- 
isfies the equation T~ l 8T = 8°-. Raising both members of this equation to 
the /9th power we have T-' l 8^T = 8'*. We may express this well known re- 
sult in words as follows : If an element transforms a generator of a cyclical group 

* Cf. Chrystal's Algebra, vol. 2, 1889, p. 511. 
t Weber, Lehrbuch der Algebra, 2d ed., vol. 2, 1899, p. 60. 

t HSlder, Math. Annalen, voL 43 (1893), p. 314. Cf. Moore, Bull. Amer. Math. Soc. vol. 1 
(1 894), p. 61. 
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78 MILLER. 

into a given power, it transforms each one of the elements of this cyclical group 
into the same power. 

In any holomorphism of a cyclical group G of order g with itself the <j>(ff) 
elements of order g must correspond to each other. A given generator 8 
must therefore correspond to 8 k , where h is prime to g. Since any holo- 
morphism of a group with itself can be obtained by transforming all the 
elements of the group by a single element* it follows from the preceding para- 
graph that such a holomorphism is obtained by making each element corres- 
pond to its &th power. This result follows also directly from the fact that in 
any holomorphism like powers of corresponding elements yield corresponding 
elements. Since k is prime to g we ma}' assume that h = s a (0<ag g x ) and 
that the x lt s 2 , . . . s gi powers of 8 correspond to the «„*„ s a s 2 , . . ., s a s 
powers respectively in the given holomorphism of G with itself. Hence any 
holomorphism of G with itself corresponds to a substitution of the form 



( 8u fl2 ' • * * • ** ^ mod g 



and for every substitution of this form there is a holomorphism of G with it- 
self. That is, the totality of these substitutions constitutes the group of iso- 
morphisms of G. This group is obviously holomorphic with the group 

• s 'l» s 2> • • l S ff 1 - 

Thus the first of the two objects mentioned above is attained, viz. it is 
proved that the group G u whose elements are the <j>(g) numbers that are less 
than (/and prime to it, is the group of isomorphisms of the cyclical group of 
order g. This connects explicitly Burnside's study of the groups of isomorph- 
isms of cyclical groupsf and Weber's treatment of such groups as G v t In 
what follows we aim to establish a few properties of these groups which do not 
seem to have been explicitly noticed. 

3. While the group of isomorphisms of a cyclical group is always abelian 
we shall prove that there are many abelian groups which cannot be the groups 
of isomorphisms of cyclical groups. Hence the groups which can be represented 
in the same manner as G x is represented above constitute a special class of 
abelian groups. We proceed to consider some of the conditions that must be 

* Frobenius, Berliner Sitzungsberichte, 1895, p. 184. 

t Burnside, Theory of Groups of a Finite Order, 1897, p. 240. 

X Weber. I. c. 
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satisfied in order that an abelian group (A) may belong to this class. When 
(A) is cyclical the matter is quite simple. It is necessary and sufficient that 
its order (a) is the exponent to which a primitive root of some number 
belongs. That is, whenever a — p a (p — 1) *, p being an odd prime number and 
a being any positive integer including 0, the cyclical group (A) belongs to 
the given class, and only then. The lowest two even numbers which are not 
of the form^ a (jp — 1) are 8 and 14; hence these numbers are the lowest or- 
ders of cyclical groups of an even order that cannot be the groups of isomorph- 
isms of any groups whatever. 

If g is written in the form : g = 2"°PVP? . . . (p lt p % . . . being different 
od' 1 prime numbers) G is the direct product of its subgroups of orders 
2°°> Pi*> PP, . . . and G t is the direct product of the groups of isomorphisms of 
these subgroups, f Since the group of isomorphisms of a cyclical group whose 
order is a power of an odd prime number is cyclical, it follows from the above 
that G l is the direct product of the cyclical groups of orders p' 1-1 (pi — 1 ) , 
Pi ,_1 (lh — 1 ) • • • when a = or 1. When a > 1 we have to add a group 
of order 2 and a cyclical group of order 2° 0-2 to these factor groups in order 
to obtain G v % 

Since G t is the direct product of groups of even orders, g x is always 
even. It can clearly be any even number of the form 2 fl »_pf»j?f» .... (p t — 1) 
(p. z — 1 ) . . . The smallest two natural numbers which are not of this fonn 
arc 14 and 26§ ; hence these numbers are the lowest even ordei - s of groups that 
cannot be groups of isomorphisms of any c} r clical groups whatever. It is 
evident that the highest prime factor of g x cannot exceed the highest prime 
factor of g. 

In conclusion I consider briefly the groups (r, of order g lt the power of a 
prime ; this prime is then necessarily 2. Therefore g has the fonn : g = %*°PiPv 
. . ., where the odd primes (if any) are of the respective forms : p l = 2^< + 1, 
Pi = 2P> + 1 , . . . ; /3 X < fi 3 < . . . . The group G t is then the direct product 
of cyclic groups of orders 2">, 2'S . . ., and further, if a > 1 , of cyclic groups 
of orders 2 and 2 a ° -2 . These orders arc the invariants of the abelian group 
G v They are all distinct except in the oases : (1°) & = 1, a > 1 ; (2°) 
/?! > 1, /3 y = a — 2 > 1 ; (3°) a — 2 = 1. The necessary and sufficient con- 

* Cf. Dirichlet-Dedekind, Zahlentheorie, 1879, p. 340. 

t Bull. Amer. Math. Soc, vol. 6 (1899), p. 296. 

X Cf. Burnside, I. c. 

§ Lucas, Theorie des nombres, 1891, p. 394. 
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dition that G t contains three equal invariants is that (1°) and (3°) are both 
satisfied ; hence G x cannot contain three equal invariants unless each is two. 
When £, = 1 and /3 y = a — 2 > 1 , G 1 contains two pairs of equal invariants. 
These are the only cases in which Gi can contain more than one pair of equal 
invariants. 

Cornell University, Apkil 1900. 



